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STRUCTURE CONSTANTS FOR PREMODULAR
CATEGORIES
SEBASTIAN BURCIU
Abstract
In this paper we study conjugacy classes for pivotal fusion categories.
In particular we prove a Burnside type formula for the structure con-
stants concerning the product of two conjugacy class sums of a such fu-
sion category. For a braided weakly integral fusion category C we show
that these structure constants multiplied by dim(C) are non-negative
integers, extending some results obtained by Zhou and Zhu (see [ZZ19])
in the settings of semisimple quasitriangular Hopf algebras.
1. Introduction
Conjugacy classes for finite groups are a very important tool in the
study of representations of finite groups. Their associated class sums
form a basis for the center of the group algebra and the structure
constants obtained by multiplying two such class sums are integers. A
precise formula for these structure constants, in terms of characters,
was given by Burnside, see e.g. [Isa76, pp. 45].
In the spirit of Zhu’s work, [Zhu97], Cohen and Westreich in [CW00]
have defined a notion of a conjugacy class of a semisimple Hopf algebra.
Using this new concept they were able to extend some results from finite
group representations to semisimple Hopf algebra representations.
More recently, Shimizu introduced in [Shi17], the notion of conjugacy
classes for fusion categories, extending the previous notion of Cohen
and Westreich mentioned above. In the same paper Shimizu associated
to each conjugacy class a central element called also conjugacy class
sum. These class sums play the role of the sum of group elements of a
conjugacy class in group theory.
In [Shi17] Shimizu asked what results from [CW00, CW14] can be
extended from semisimple Hopf algebras to fusion categories.
In this paper we give an analogue of Burnside formula for the struc-
ture constants of any pivotal fusion category extending the results ob-
tained in [CW00] for semisimple Hopf algebras:
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Theorem 1.1. Let C be a pivotal fusion category with a commutative
Grothendieck ring. With the above notations one has
(1.2) ckij =
m∑
s=0
χs(Ci)χs(Cj)χs∗(Ck)
dim(C) dim(Ck)ds
.
To prove the above theorem, we use the theory of probability groups,
introduced by Harrison in 1979 in [Har79], as a tool to study the charac-
ter ring of a pivotal fusion category. Extending the results from [ZZ19],
for a pivotal fusion category C, we prove that the algebra generated by
the dual of the probability group CF(C) is isomorphic to the center
CE(C) as introduced by Shimizu in [Shi17], see also Section 3.
Cohen and Westreich [CW00, Theorem 2.6] proved that the product
of two class sums of H is an integral combination up to a factor of
dim(H)−2 of the class sums of H, i.e.
CiCj =
1
dim(H)2
( m∑
k=0
c˜ kijCk
)
where {Ci | 0 ≤ i ≤ m} is the set of class sums of H and each c˜
k
ij is
a non-negative integer. Recently in [ZZ19, Theorem 5.6] the authors
have shown that this factor can be replaced by dim(H). Next theorem
generalizes the result obtained by Zhu and Zhou in [ZZ19] from quasi-
triangular Hopf algebras to integral premodular categories.
Theorem 1.3. Let C be a premodular category. Then the structure
constants clj1,j2 multiplied by dim(C) are algebraic integers.
Moreover, if C is weakly integral, then the same numbers multiplied
by dim(C) are non-negative integers.
The proof of theorem has as a key step a result of Ostrik from [Ost15,
Theorem 2.13], concerning the image by the forgetful functor of the cen-
tral primitive idempotents of the Drinfeld center Z(C) from CF(Z(C))
to CF(C).
We also show that the character ring CF(C) of a modular fusion
category C is self dual, generalizing the result obtained by Zhu and
Zhou in [ZZ19] for the Drinfeld double D(H) of a semisimple Hopf
algebra H .
This paper is organized as follows. In Section 2 we recall the basic
facts on probability groups and prove a formula for the (hypergroup)
algebra structure of the dual of a probability group. In Section 3 we
recall the basics on fusion categories and the describe the dual prob-
ability group structure of the character ring as the space of central
elements. Theorem 1.1 is proven in Subsection 3.1. Section 4 contains
the proof of Theorem 1.3.
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We work over the ground filed C of complex numbers. All algebras
and fusion categories under consideration are C-linear.
2. Probability groups
First we recall the definition of a probability group as in [Har79]. A
probability goup is a set A together with a function
p : A3 → R≥0, (a, b, c) 7→ p(a.b = c)
satisfying the following conditions:
(1) For all a, b ∈ A, the values p(a.b = c) = 0 for all but finitely
many c ∈ A, and
(2.1) p(a.b = c) ≥ 0,
∑
c∈A
p(a.b = c) = 1
(2) For all a, b, c, d ∈ A one has
(2.2)
∑
x∈A
p(ab = x)p(xc = d) =
∑
y∈A
p(ay = d)p(bc = y)
(3) There is an identity element 1 ∈ A such that for any a ∈ A
(2.3) p(1.a = a) = p(a.1 = a) = 1
(4) For any b ∈ A there is a unique b∗ ∈ A such that
(2.4) p(b.b∗ = 1) > 0
(5) For any a, b, c ∈ A one has that
(2.5) p(a.b = c) = p(b∗.a∗ = c∗).
(6) For all a ∈ A it follows
(2.6) p(a.a∗ = 1) = p(a.∗a = 1).
We also use the notation pc(a, b) for p(a.b = c). If (A, p) is a probability
group, one easily checks that the identity element 1 is unique, 1∗ = 1
and (a∗)
∗
= a for all a ∈ A.
Given a set A we denote by C[A] the complex vector space with linear
basis a ∈ A. Then (A, p) is a probability group if and only if C[A] is a
k-algebra with multiplication given by
a.b =
∑
c∈A
p(ab = c)c
for all a, b ∈ A. Note that the associativity of the product as defined
above is equivalent to Equation (2.2).
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Based on the above properties of p it is easy to see that
(2.7) uA :=
1
n(A)
∑
a∈A
haa
is an idempotent element of A and auA = uA = uAa for any a ∈ A.
We define a bilinear map m : C[A]×C[A]→ C where m(a, x) is the
coefficient of a in writing x as linear combination of the standard basis
A, for any a ∈ A and x ∈ C[A]. Therefore m(a, bc) = pa(b, c) for all
a, b, c ∈ A. Extending this by linearity, in general one has that
(2.8) mA(
∑
a∈A
αaa,
∑
a∈A
βaa) =
∑
a∈A
αaβa.
Recall that a probability group is called abelian if pc(a, b) = pc(b, a)
for all a, b, c ∈ A. This equivalent to C[A] being a commutative algebra.
For the rest of this section we let A be a finite abelian probability
group with the cardinal |A| = m+ 1.
Define Â := {µj : C[A] → C} the set of all algebra algebra mor-
phisms of C[A]. Since A is abelian and C[A] is a semisimple com-
mutative algebra (see [Har79]) it follows that Â is a C-basis of C[A]∗.
Therefore one has |A| = |Â|. Moreover, one can define a multiplication
on Â by declaring
(2.9) [µi ⋆ µj ](a) := µi(a)µj(a), for all a ∈ A.
Extending linearly µi ⋆ µj on the entire C[A] one obtains an algebra
structure on C[A]∗ = C[Â]. It follows that there are some non-zero
scalars p̂k(i, j) ∈ C such that
(2.10) µi ⋆ µj =
m∑
k=0
p̂k(i, j)µk.
2.1. Recall [Wil93] that a generalized hypergroup is a set A such that
A := C[A] is a *-algebra with unit a0 over C and A = {a0, a1 . . . , an} is
a basis of A with A∗ = A for which the structure constants nkij defined
by
cicj =
∑
k
nkijck
satisfy the following two conditions:
c∗i = cj ⇐⇒ n
0
ij > 0, and c
∗
i 6= cj ⇐⇒ n
0
ij = 0.
A generalized hypergroup A is called abelian if cicj = cjci for all i, j;
it is called real if nkij ∈ R for all i, j, k; positive if n
k
ij ≥ 0 for all i, j, k
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and normalized if
∑
k n
k
ij = 1 for all i, j. Therefore a probability group
is a real normalized generalized hypergroup with n0ii∗ = n
0
ii∗ for all i.
Let A be an abelian probability group. Define the linear functional
τ : C[A] → C, a 7→ δa,1. Note that τ(x) = mA(1, x) for all x ∈ C[A].
Since τ : C[A] → C is a non-degenerate trace there are some non-zero
complex numbers nj such that τ(Fj) =
1
nj
. It follows that
(2.11) τ =
m∑
j=0
µj
nj
and both {a, haa
∗} and {Fj,
1
nj
Fj} are dual bases for τ . Therefore
(2.12)
m∑
j=0
njFj ⊗ Fj =
∑
a∈A
a⊗ haa
∗
Note that aug : C[A] → C, a 7→ 1 is a morphism of C-algebras.
Without loss of generality we may suppose that µ0 = aug. It follows
that µ0 ⋆ µj = µj ⋆ µ0 = µj for all j. Moreover, the central primi-
tive idempotent F0 associated to µ0 coincides to the element uA from
Equation (2.7). Moreover, note that n0 = n(A) since
1
n0
= τ(F0) =
1
n(A)
(∑
a∈a
haτ(a)
)
=
h1
n(A)
=
1
n(A)
.
Let A be an abelian probability group as above and Fj a primitive
central idempotent corresponding to a character µj : C[A] → C. Ap-
plying id⊗µj to Equation (2.12) one obtains:
(2.13) Fj =
1
nj
(∑
a∈A
haµj(a
∗)a
)
.
Given an algebra homomorphism µj : C[A] → C as above, it is
easy to see that µ
∗
j : C[A] → C, a 7→ µj(a) is also an algebra ho-
momorphism. We let j∗ be the index for which µ
∗
j = µj∗. With the
above notations by [Har79, Proposition 2.10] it follows that p0(j, j
∗) >
0, for all 0 ≤ j ≤ m. We let ĥj :=
1
p0(j,j∗)
and n(Â) :=
∑m
j=0 ĥj .
Following the same [Har79, Proposition 2.10] for any finite abelian
probability group A one has that
(1) ĥj is a real positive number.
(2) n(A) = n(Â).
(3) For any j1, j2 the first orthogonality relation is written as:
(2.14)
∑
a∈A
haĥj1µj1(a)µj2(a
∗) = δj1,j2n(A)
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(4) For any a, b ∈ A the second orthogonality relation is written as:
(2.15)
m∑
j=0
ĥjhaµj(a)µj(b
∗) = n(A)δa,b.
Recall that an abelian probability group is called dualizable if p̂k(i, j) ≥
0 for any i, j, k. In this case it can be proven that Â is also a probability
group in which µj
∗ is defined by µj
∗(a) = µj∗(a) = µj(a), see [Har79].
Proposition 2.16. Let A be an abelian probability group. With the
above notations it follows that
(2.17) p̂k(j1, j2) =
1
nk
(∑
a∈A
haµj1(a)µj2(a)µk(a
∗)
)
for all 0 ≤ j1, j2, k ≤ m.
Proof. Evaluating both sides of Equation (2.10) at Fk and expanding
the formula for Fk from Equation (2.13) one obtains:
p̂k(j1, j2) =
(∑
l
p̂l(j1, j2)µl
)
(Fk) = [µj1 ⋆ µj2](Fk)[µj1 ⋆ µj2](Fk)
=
1
nk
(∑
a∈A
ha[µj1 ⋆ µj2](a)µk(a
∗)
)
=
1
nk
(∑
a∈A
haµj1(a)µj2(a)µk(a
∗)
)
which gives the formula from Equation (2.17). 
Corollary 2.18. Let Â be a finite probability group. With the above
notations:
(2.19) p̂0(j1, j2) =
nj1
n(A)
δj1,j∗2 .
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Proof. For k = 0, in Equation (2.17) one has
p̂0(j1, j2) =
1
n0
(
∑
a∈A
haµj1(a)µj2(a)µ0(a
∗))
=
1
n(A)
(∑
a∈A
haµj1(a)µj2(a)
)
=
1
n(A)
(∑
a∈A
haµj1(a)µj2∗(a
∗)
)
=
1
n(A)
µj1
(∑
a∈A
haµj2∗(a
∗)a
)
(2.13)
=
1
n(A)
µj1(nj2∗Fj2∗)
=
nj2∗
n(A)
δj1,j2∗
=
nj1
n(A)
δj1,j2∗ .

2.2. Quotient probability group. Let S be a subring of a probabil-
ity ring A. One can define a quotient ring by the following equivalence
relation: a ∼S b if and only if there are s1, s2 ∈ S, x ∈ A such that
mA(1, as1x
∗) > 0 and mA(1, xb
∗s2) > 0.
Define A//S as the set of equivalence classes of ∼S. For an element
a ∈ A one can see that [a]s = [b]S if and only if uSauS = uSbuS.
Therefore there is a set bijection
C[A//S]
φ
−→ uSC[A]uS, [a]S 7→ uSauS.
Then A//S becomes a probability group with the multiplication inher-
ited from uSauS via the above isomorphism. We denote by p¯[c]([a], [b])
the probability structure of A//S. Therefore
[a][b] =
∑
[c]∈A//S
p[c]([a], [b])[c].
We write shortly [a] instead of [a]S when no confusion arises. Following
[Har79] in the case A is abelian one can show that
(2.20) p[c]([a], [b]) =
∑
v∈[c]
pv(u, s).
with u ∈ [a]S and s ∈ [b]S arbitrarily chosen.
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It was proven in [Har79, Proposition 2.11] that if A is an abelian
dualizable probability group then
(2.21) S⊥
α
−→ Â//S, χ 7→ α(χ), with α(χ)([a]S) = χ(a).
is an isomorphism of probability groups.
2.3. Let A be a ring which is free as Z-module. As in [EGNO15,
Chapter 3] we define a R≥0-ring as a ring A which is free as Z-module
with a special basis B = {bi}i∈I such that bibj =
∑
k∈I N
k
ijbk with
Nkij ∈ R≥0. Moreover, a unital R≥0-ring is a R≥0-ring whose unit
1 ∈ B. For any unital R≥0-ring (R,B) define a functional τ : R → C
which on the basis B is given by τ(b) := δb,1.
Then a R≥0-based ring is a unital R≥0-ring togheter with an involu-
tion i 7→ i∗ on I such that the map∑
i∈I
αibi 7→
∑
i∈I
αibi∗
is a multiplicative anti-involution on A and
(2.22) τ(bibj) = δi,j∗
for all i, j ∈ I.
For the basis B of a R≥0-based ring (R,B) we can define a bilinear
form m : R× R→ C given by m(
∑
i∈I αibi,
∑
i∈I βibi) =
∑
i∈I αiβi.
By [EGNO15, Proposition 3.1.6] the constants Nk
∗
ij are invariant under
cyclic permutations of {i, j, k} since τ is a trace on R, i.e τ(xy) = τ(yx)
for all x, y ∈ R. Therefore one can write that
Nk
∗
ij = τ(bibjbk) = τ(bjbkbi) = N
i∗
jk = τ(bkbibj) = N
j∗
ki
for all i, j, k ∈ I. Therefore any R≥0-based ring (R,B) has the property
that
(2.23) m(z, xy) = m(x∗, yz∗) = m(y, z∗x).
for all x, y, z ∈ R. Moreover since τ(x) = τ(x∗) for all x ∈ R it follows
that
m(x, yz) = m(x∗, z∗y∗).
Recall that by [EGNO15, Proposition 3.3.9] one has FPdim(a) = FPdim(a∗)
for all a ∈ R.
Example 2.24. Given a based ring (R,B) one can consider the basis
B′ = {b′}b∈B where b
′ := b
FPdim(b)
and one obtains that (B′, p) with
(2.25) p(a′b′ = c′) = N cab
[
FPdim(c)
FPdim(a)FPdim(b)
]
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is a a probability group. Clearly C[B] = R⊗Z C.
Note that in this case one has s(a′) = FPdim(a)FPdim(a∗) and
n(B′) :=
∑
a∈B FPdim(a)FPdim(a
∗) = FPdim(R).
3. Fusion categories and their grothendieck groups
Recall that a fusion category is a semisimple finite tensor category.
We refer to [EGNO15] for the basic theory of tensor categories.
Throughout this paper C denotes a fusion category and 1 the unit
object of a C. Given a monoidal category C one can construct a braided
fusion category Z(C) called the monoidal centre (or Drinfeld centre) of
C, see e.g., [Kas95, XIII.3] for details. The objects of Z(C) consist of
pairs (V, σV ) of an object V ∈ C and a natural isomorphism σV,X :
V ⊗ X → X ⊗ V for all X ∈ O(C), satisfying a part of the hexagon
axiom. A morphism f : (V, σV ) → (W,σW ) in Z(C) is a morphism in
C such that (idX ⊗ f) ◦ σV,X = σW,X ◦ (f ⊗ idX) for all objects X of
C. The composition of morphisms in CF(Z(C)) is defined via the usual
composition of morphisms in C.
Let C be a finite tensor category and F : Z(C)→ C be the forgetful
functor. It is well known that F admits a right adjoint functor R :
C → Z(C) such that Z := FR : C → C is a Hopf comonad. Following
[Shi17, Subsection 2.6] one also has that
(3.1) Z(V ) ≃
∫
X∈C
X ⊗ V ⊗X∗.
If πV ;X : Z(V )→ X⊗V⊗X
∗ are the universal dinatural transformation
associated to the above end Z(V ) then the counit ǫ : Z → idC is
given by ǫV := πV ;1. Moreover, using Fubini’s theorem for ends, the
comultiplication δ : Z → Z2 of Z is also described in terms of the
dinatural transformation π, see [Shi17, Subsection 3.2].
The object A := Z(1) has the structure of a central commutative
algebra in Z(C). It is called the adjoint algebra of A.
Its multiplication mA : A⊗A→ A and its unit uA : 1→ A are uniquely
determined by by the universal property of the end Z as:
(3.2) π1;X ◦ uA = coevX ,
(3.3) π1;X ◦mA = (idX ⊗ evX ⊗ idX∗) ◦ (π1;X ⊗ π1;X)
Moreover ǫ1 : A→ 1 is a morphism of algebras, see [Shi17].
Recall that a pivotal structure j on a tensor category C is a tensor
isomorphism j : idC → ()
∗∗. Given a pivotal structure one can construct
for any object X of C a right evaluation e˜vX : X ⊗ X
∗ j⊗id−−→ X∗∗ ⊗
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X∗
evX∗−−−→ 1. Then for any morphism f : A ⊗ X → B ⊗ X the right
partial pivotal trace of f is defined as:
trXA,B : A = A⊗ 1
id⊗coevX−−−−−→ A⊗X ⊗X∗
f⊗id
−−−→ B ⊗X ⊗X∗
id⊗e˜vX−−−−→ B
Then the usual right pivotal trace of an endomorphism f : X → X is
obtained as a particular case for A = B = 1. In particular, the right
dimension of X with respect to j is defined as the right trace of the
identity of X . A pivotal structure (or the underlying fusion category)
is called spherical if dim(X) = dim(X∗) for all objects X of C, see
[ENO05a, Section 2.2].
Given an object X of C the internal character ch(X) is defined as
the partial pivotal trace
ch(X) := trXA,1(ρX) : A→ 1.
where ρX : A⊗X → X is the canonical action of A on X , see [Shi17,
Definition 3.3].
The space CF(C) := HomC(A, 1) is called the space of class functions
of C and it is a C-algebra where the multiplication of two class functions
f, g ∈ CF(C) is defined via f ⋆ g := f ◦ Z(g) ◦ δ1. Here the map
δ : Z → Z2 is the comultiplication structure of Z recalled above. By
[Shi17, Theorem 3.10] for a pivotal fusion category C one has that
ch(X ⊗ Y ) = ch(X)ch(Y ) for any two objects X and Y of C and
GrC(C)→ CF(C), [X ] 7→ ch(X) is an isomorphism of algebras.
The space CE(C) := HomC(1, A) is called the space of central ele-
ments. It is also a C-algebra where the multiplication on CE(C) is given
by a.b := m ◦ (a⊗ b) for any a, b ∈ CE(C). There is a non-degenerate
pairing 〈 , 〉 : CF(C) × CE(C) → C, given by 〈f, a〉 id1 = f ◦ a,
for all f ∈ CF(C) and a ∈ CE(C). We also denote f(a) := 〈f, a〉.
There is a right action of CE(C) on CF(C) denoted by ↼ given by
f ↼ b = f ◦m ◦ (b⊗ idA) for all f ∈ CF(C) and b ∈ CE(C).
Given a fusion category C we let M0,M1, . . .Mm be a complete set
of representatives for the isomorphism classes of simple objects of C.
For brevity, we denote χi := ch(Mi) ∈ CF(C) and di := χi(1) the
categorical dimensions of the simple objects. Without loss of generality
we may suppose thatM0 = 1 and therefore d0 = 1. Moreover we denote
by i∗ the unique index for which M∗i ≃Mi∗ .
Recall that also from Equation (2.12) one has
(3.4)
m∑
j=0
dim(C)
dim(Cj)
Fj ⊗ Fj =
m∑
i=0
χi ⊗ χi∗ .
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Let C be a pivotal fusion category. Recall that the global dimension
of C is defined as dim(C) :=
∑m
i=0 didi∗ ∈ C. It is well-known that
in this case dim(C) 6= 0. The cointegral λ of C is defined as λ =
1
dim(C)
(
∑m
i=0 diχi) ∈ CF(C). Up to a scalar λ is the unique element of
CF(C) with the property that χλ = χ(1)λ for all χ ∈ CF(C). Moreover,
λ(uA) = 1 and λ
2 = λ. The Fourier transform of C associated to λ
is the linear map Fλ : CE(C) → CF(C) given by a 7→ λ ↼ S(a)
where S : CE(C) → CE(C) on CE(C) is the antipodal map of CE(C),
see [Shi17, Definition 3.6].
Let C be a pivotal fusion category with commutative Grothendieck
ring. Recall that R : C → Z(C) is the right adjoint of the forgetful
functor F : Z(C) → C. Note that in this case by [Shi17, Theorem 6.6]
the object R(1) ∈ O(Z(C)) is multiplicity-free.
A conjugacy class of C is defined as a simple subobject of R(1) in
Z(C). Since the monoidal center Z(C) is also a fusion category we can
write R(1) =
⊕m
i=0 Ci as a direct sum of simple objects in Z(C). Thus
C0, . . . , Cm are the conjugacy classes of C. Since the unit object 1Z(C)
is always a subobject of R(1), we may assume C0 = 1Z(C).
Let also F0, F1, . . . , Fm be the central primitive idempotents of CF(C).
We define Cj := Fλ
−1(Fj) ∈ CE(C) to be the conjugacy class sums cor-
responding to the conjugacy class Cj .
For a fusion category C we denote by Irr(C) the set of elements
{χi
di
}mi=0 ∈ CF(C). Since CF(C) ≃ GrC(C) is a based ring, by Example
(2.24) it follows that Irr(C) is a probability group with C[Irr(C)] =
CF(C). By [Bur19, Equation 4.8] one has that
(3.5) nj =
1
Fj(Λ)
=
dim(C)
dim(Cj)
where Λ ∈ CE(C) is the idempotent integral of C.
We also denote by Cls(C) the set of central elements {
Cj
dim(Cj)
}mj=0 ∈
CE(C). We denote by ĈF(C) the dual complex algebra C[̂Irr(C)].
By the proof of [Shi17, Theorem 6.12] for all χ ∈ CF(C) one has that
(3.6) µj(χ) = χ(
Cj
dim(Cj)
).
Since Irr(C) is an abelian probability group orthogonality relations
form Equations (2.14) and (2.15) can be written as
(3.7)
m∑
k=0
χi(Ck)χj∗(Ck)
dim(Ck)
= δi,j dim(C)
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and respectively
(3.8)
m∑
i=0
χi(Cl)χi∗(Ck) = δl,kdim(C
k) dim(C)
Corollary 3.9. Let C be a fusion category with a commutative Grothendieck
ring.
dim(C)
dim(Cj)
∈ A
Proof. Since as above µj(χi) =
χi(Cj)
dim(Cj)
(see the proof of [Shi17, The-
orem 6.12]) the first orthogonality relation (3.7) can be written as∑m
i=0 µk(χi)µk(χi∗) =
dim(C)
dim(Ck)
. On the other hand it is known that
µl
Z¯(M)
(χi) are cyclotomic integers for all 0 ≤ l ≤ m. 
Lemma 3.10. For any χ ∈ CF(C) and z, z′ ∈ CE(C) one has
(3.11) d(χ)χ(zz′) = χ(z)χ(z′)
Proof. If z =
∑m
i=0 ziEi and z
′ =
∑m
i=0 z
′
iEi then zz
′ =
∑m
i=0 ziz
′
iEi
Then χi(z)χi(z
′) = ziz
′
id
2
i and d(χi)χi(zz
′) = d2i ziz
′
i = χi(z)χi(z
′). 
Next theorem extends the result obtained in [ZZ19] for semisimple
Hopf algebras.
Theorem 3.12. Let C be a fusion category. Then Cls(C) is an abelian
generalized hypergroup and Cls(C) ≃̂Irr(C) as generalized hypergroups.
More precisely, the map
(3.13) ̂Irr(C)
≃
−→ Cls(C), µj 7→
Cj
dim(Cj)
is bijective and induces an isomorphism of C-algebras ĈF(C)
≃
−→ CE(C).
Proof. Clearly this map is bijective, it remains to show that it induces
an isomorphism of k-algebras α : ĈF(C) −→ CE(C), µj 7→
Cj
dim(Cj)
.
One has to prove that α(µiµj) = α(µi)α(µj) for all i, j. Suppose
as above that µiµj =
∑
k p̂k(i, j)µk. Evaluating at
χs
ds
this identity it
follows that
[µiµj](
χs
ds
) =
∑
k
p̂k(i, j)µk(
χs
ds
) =
χs
ds
(
∑
k
p̂k(i, j)
Ck
dim(Ck)
)
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On the other hand
[µiµj](
χs
ds
) = µi(
χs
ds
)µj(
χs
ds
) =
χs
ds
(
Ci
dim(Ci)
)
χs
ds
(
Cj
dim(Cj)
)
(3.11)
=
χs
ds
(
Ci
dim(Ci)
Cj
dim(Cj)
)
Thus ∑
k
p̂k(i, j)
Ck
dim(Ck)
=
Ci
dim(Ci)
Cj
dim(Cj)
which shows that α(µiµj) = α(µi)α(µj) 
3.1. Proof of Theorem 1.1. In this section we give an analogue of
Burnside formula for the structure constants. Since {Cj}j form a C-
linear basis for CE(C) one has that
(3.14) Cj1Cj2 =
m∑
l=0
clj1,j2Cl
form some scalars clj1,j2 ∈ C. These scalars are called the structure
constants of C. The last equation from the proof above shows that
ckij =
dim(Ci) dim(Cj)
dim(Ck)
p̂k(i, j).
Combined with Equation (2.17) one obtains the result of Theorem 1.1.
4. Proof of Theorem 1.3
A braided category is called premodular if it has a spherical structure.
Equivalently, this is a ribbon fusion category, that is, a fusion category
equipped with a braiding and a twist (also called a balanced structure),
see [ENO05a].
Then C is called pseudo-unitary if FPdim(C) = dim(C). If such is the
case, then by [ENO05a, Proposition 8.23], C admits a unique spherical
structure with respect to which the categorical dimensions of simple
objects are all positive. It is called the canonical spherical structure.
For this structure, the categorical dimension of an object coincides
with its Frobenius-Perron dimension, i.e. FPdim(X) = dim(X) for
any object X of C.
Recall [ENO05b] that a fusion category C is called weakly integral
if its Frobenius-Perron dimension is an integer. If C is such a fusion
category then C is pseudo-unitary by [ENO05a, Proposition 8.24].
Moreover, if C is weakly integral then by [ENO05a, Proposition 8.27]
the dimensions of simple objects in Cad are integers. Since the conjugacy
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classes Cj are sum of simple object of the adjoint subcategory it follows
that dim(Cj) are integers.
Recall that premodular fusion category C is called modular if its S-
matrix is non-degenerate.
Theorem 4.1. Let C be a modular fusion category. Then Irr(C) is a
dualizable probability group and
Irr(C) ≃̂Irr(C)
as probability groups.
Proof. By [Shi17, Example 6.14] the map fQ : CF(C) → CE(C), χi 7→∑m
j=0
sij
dj
ej is an isomorphism of algebras. Moreover from Proposition
[Bur19, Theorem 6.5] one has that fQ(
χi
di
) = gi =
Ci
dim(Ci)
which shows
that fQ sends bijectively Irr(C) in Cls(C). This shows that Cls(C) is
also a probability group and fQ : Irr(C)→ Cls(C) is an isomorphism of
probability groups. On the other hand by Theorem 3.12 one has that
in this situation Cls(C) ≃̂Irr(C) as probability groups. 
Let C be a pivotal fusion category with a commutative Grothendieck
ring CF(C) ≃ Grk(C). Let also F0, F1, . . . , Fm be the primitive central
idempotents of CF(C) and µ0, µ1, . . . µm be their corresponding char-
acters on CF(C). Therefore
µi : CF(C)→ C, µi(Fj) = δi,j.
We also denote by C0, C1, . . . Cm the conjugacy classes of C correspond-
ing in this order to the primitive idempotents F0, F1, . . . Fm.
Let also M0,M1, . . .Mm be a complete set of representatives for the
isomorphism classes of simple objects of C. As above, without loss of
generality we may assume that M0 = 1 is the unit object of C.
As above we denote by V0, V1, . . . Vr a complete set of simple objects
of Z(C) and by Ê0, Ê1, . . . Êr their associated primitive idempotents in
CE(Z(C)). We denote also by χ̂0, χ̂1, . . . χ̂r the characters associated
to V0, V1, . . . Vr and let d̂0, d̂1, . . . d̂r be their quantum dimensions.
Therefore d̂s = χ̂s(1) for all s. We may also assume that V0 = 1
is the unit object of Z(C). Without loss of generality we may also
suppose that Vi = C
i for any 0 ≤ i ≤ m. Since the Drinfeld map
FQ : CF(Z(C))→ CE(Z(C)) is bijective it follows that F̂j := F
−1
Q (Êj)
is a complete set of primitive orthogonal idempotents of CF(Z(C)).
Let also F : Z(C)→ C be the forgetful functor. It is well known, see
[ENO05a, Lemma 8.49], that the induced map Res = F∗ : CF(Z(C))→
CF(C) is surjective.
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Moreover, Ostrik showed in [Ost15, Theorem 2.13] that for any prim-
itive idempotent Fj ∈ CF(C) of a spherical category C there is a unique
primitive idempotent F̂σ(j) ∈ CF(Z(C)) whose restriction to CF(C) is
Fj and moreover Vσ(j) = Cσ(j) is a conjugacy class of C with
dim(Vσ(j)) = dim(Cj), i.e d̂σ(j) = d̂j.
Thus F∗(F̂σ(j)) = Fj , for all 0 ≤ j ≤ m. Note also that F∗(F̂s) = 0
for s 6= σ(j) for some j. We denote by ŝij the S-matrix of the braided
category Z(C).
4.1. For the rest of this section we suppose that C is a braided spherical
fusion category, i.e a premodular category. Since in this case Z(C) is a
modular tensor category it follows by [BK01, Theorem 3.1.12] that the
irreducible characters of CF(Z(C)) are indexed by the simple object of
Z(C). More precisely, if Vi is a simple object of Z(C) then
µ̂i : CF(Z(C))→ C, µ̂i([Vj]) =
ŝij
di
is an algebra homomorphism.
By [DGNO10, Section 2.10] there is also a braided tensor functor
(4.2) ι : C →֒ Z(C), X 7→ (X, cX,−).
that is fully faithful. It follows that ι(Mi) ≃ Vi˜ for some 0 ≤ i˜ ≤ r. Note
that {0˜, 1˜, . . . , m˜}∩{0, 1, . . . , m} = {0}. Indeed, for i > 1 ι(Mi) cannot
be a conjugacy class since Mi = F (ι(Mi)) does not contain the unit
object 1 of C. Since F◦ι = idC note that F∗(χ̂t˜) = χt, for all 0 ≤ t ≤ m.
Consider the inclusion CF(C) ⊆ CF(Z(C)) induced by the inclusion
functor of (4.2). For any 0 ≤ j ≤ m we define a class of characters
Aj := {µ̂i ∈ ̂CF(Z(C)) | µ̂i|CF(C) = µj}.
Proposition 4.3. Let C be a premodular category. With the above
notations one has σ(j) ∈ Aj for any 0 ≤ j ≤ m.
Proof. Following [Shi17, Example 6.14], inside CF(Z(C)) one can write
that
χ̂i˜ =
r∑
l=0
ŝi˜l
d̂l
F̂l,
for all 0 ≤ i ≤ m. Applying the morphism F∗ : CF(Z(C)) → CF(C)
induced by the forgetful functor F one obtains that
χi =
r∑
j=0
ŝi˜j
d̂j
F∗(F̂j) =
m∑
j=0
ŝi˜σ(j)
d̂σ(j)
Fj .
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This implies that µj(χt) =
ŝsσ(j)
dσ(j)
= µ̂σ(j)(χ̂t˜), thus µ̂σ(j) ∈ Aj. 
4.2. Proof of the main Theorem 1.3. We denote by Pv(s, u) the
probability structure of Irr(Z(C)) and by P̂k(i, j) the probability struc-
ture of the dual abelian probability group ̂Irr(Z(C)). By Example
(2.24) we have
P̂v(s, u) = Pv(s, u) =
N̂vs,ud̂v
d̂sd̂u
Proof. Since C is braided we have an inclusion of braided categories
C →֒ Z(C), X 7→ (X, cX,−).
This shows that CF(C) ⊆ CF(Z(C)) and therefore Irr(C) ≤ Irr(Z(C))
is a probability subgroup. By [Har79, Proposition 2.11 ] it follows that
Irr(C) is a dualizable probability group and
(4.4) C[̂Irr(C)] = ĈF(C) ≃ ̂CF(Z(C))//CF(C)⊥
where CF(C)⊥ = {µ̂j ∈ ̂CF(Z(C)) | µ̂j(χ̂s) = FPdim(χs), for all 0 ≤
s ≤ m}. Moreover, under the isomorphism (2.21) one has
[µ̂u]CF(C)⊥ = [µ̂v]CF(C)⊥ ⇐⇒ u, v ∈ Aj, for some j.
By Equation (2.20) one has
(4.5) p̂k(i, j) =
∑
v∈Ak
P̂v(s, u) =
∑
v∈Ak
Pv(s, u) =
∑
v∈Ak
N̂vsud̂v
d̂sd̂u
.
Since Ci = dim(C
i)gi it follows that
CiCj =
m∑
k=1
( ∑
v∈Ak
N̂vsud̂v dim(C
i) dim(Cj)
d̂sd̂u dim(Ck)
)
Ck
By Proposition 4.3 one has σ(i) ∈ Ai. Therefore if s = σ(i) and
u = σ(j), then
CiCj =
m∑
k=1
( ∑
v∈Ak
N̂vσ(i)σ(j)d̂v
dim(Ck)
)
Ck
since d̂σ(i) = dim(C
i) and d̂σ(j) = dim(C
j).
By Corollary 3.9 one has dim(Ck)
∣∣ dim(C) and therefore
dim(C)ckij =
dim(C)
dim(Ck)
( ∑
v∈Ak
N̂vσ(i)σ(j)d̂v
)
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is an algebraic integer. Moreover, if C is weakly integral then by the
above formula, the same numbers are non-negative integers. Indeed,
by [GN08, Theorem 3.10] one has d̂v is integer for any v ∈ Ak since
Cσ(i) and Cσ(j) have integer dimensions. Moreover
dim(C)
dim(Ck)
is a rational
number which is also an algebraic integer, therefore an integer. 
Remark 4.6. Taking j = i∗ in the proof of the above theorem and
u = s∗ it follows that 1
dim(Ci)
= p̂1(i, i
∗) =
∑
v∈A1
N̂v
ss′
d̂v
d̂2s
i.e. dim(Ci)
∣∣d̂ 2s
for all s ∈ Ai.
In particular, if d̂s = 1 and s ∈ Aj it follows that dim(C
j) = 1.
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